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Abstract

Engineering materials are rarely free of ~aws[ Mode I cracking from pre!existing ~aws is the major cause
of the brittle fracture in compression of materials such as concrete and rock[ A 2!D ellipsoidal ~aw model
is used to show the signi_cant in~uence of ~aw geometry on crack initiation in uniform uniaxial\ biaxial and
triaxial compression[ The model shows that the governing criterion for crack initiation may change from
energy to stress with increasing crack size\ and that for voids of similar size a spherical void is the most
critical shape for crack initiation[ The model thus provides a basis for a better understanding of both the
phenomenon and the mechanism of brittle fracture in compression[ Þ 0888 Elsevier Science Ltd[ All rights
reserved[

0[ Introduction

Similar cracking patterns occur in similar uniaxial compression tests "Peng and Podnieks\ 0861^
Shrive and El!Rahman\ 0874#\ biaxial compression tests "Vile\ 0857^ Brown 0863^ Page\ 0871# and
triaxial compression tests "Bridgman\ 0841^ Hobbs\ 0860# on di}erent brittle and quasi!brittle
materials[ These experimental observations indicate that there must be a common fundamental
cause of brittle fracture in compression[ Hence\ any theoretical model of compressive fracture
should be applicable to all such materials[

It is generally accepted that the cause of fracture and failure of concrete is the proliferation of
~aws or microcracks which exist within the body of the material even prior to the application of
load "Kotsovos\ 0868#[ Lajtai et al[ "0889# pointed out that fracture starting from ~aws should be
fundamental to all investigations of brittle fracture[ Since various ~aw geometries such as cracks\
pores\ voids and _ssures exist in materials\ the in~uences of ~aw geometry and ~aw distribution
on brittle fracture are critical[ It should be noted that understanding of the fundamental fracture
mechanism"s# in compression may be misled by perceptions based on some experimental obser!
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vations of arti_cial "man!made# 1!D inclined cracks subject to uniaxial compression[ In uniaxial
compression\ a 1!D inclined crack kinks towards the direction of uniaxial compression[ However\
the 1!D slit crack model is unrealistic in that it does not predict crack propagation when the initial
line of the zero width "or thickness# disk!like crack is parallel to the direction of the uniaxial
compression] that is\ when the 1!D slit crack is orientated precisely in the direction in which cracks
propagate in uniaxial compression[ In reality\ multiple visible cracks parallel to the uniaxial
compressive load are always seen] very few cracks emanating from angled slits are observed "Lajtai\
0863^ Gol|dsthein et al[\ 0863#[ Indeed\ Lajtai "0863# makes the point that what is created arti_cially
is not seen in normal materials[ Therefore\ brittle fracture emanating from pre!existing 2!D pores
or voids in compression has received considerable attention in the last decade "Sammis and Ashby\
0875#[

Evans and Marathe "0857# investigated the e}ect of 1!D holes of various shapes on the tensile
strength of plain concrete\ whilst Raju "0869# examined the e}ect of stress concentrations produced
by a circular hole on the static and fatigue strengths of concrete in uniaxial compression[ Indeed\
porosity\ a measure of the number and size of _nite width voids\ has been described as the dominant
controlling factor limiting the compressive strength of hardened cement past "Roy and Gouda\
0864#[ The presence of voids in concrete greatly reduces its compressive strength] 4) voids can
lower compressive strength by as much as 29) compared to the strength of the same mix when
fully compacted "Neville\ 0870#[ Concrete researchers thus agree that air voids and microcracks
inherently present in concrete have an important in~uence on the ultimate strength of the material
"Kotsovos\ 0868#[ Similarly\ many physical properties of crystalline rocks are dramatically a}ected
by the presence of voids\ even though the void space may be less than 0) of the volume "Brace et
al[\ 0861#[

Undoubtedly\ the ~aws randomly distributed in a material are of extremely complicated shapes
and are not in general\ Gri.th|s line cracks[ Zaitsev "0872# presented the observed frequency of
di}erent 1!D pore shapes in hardened cement paste and indicated the dominance of circular and
elliptic shapes[ Open cavities with cross!sections of various shapes have been observed in crystalline
rocks with the majority of cavities nearly equant in cross!section] however\ long\ narrow\ sharp!
ended cracks were almost never seen in unstressed samples "Sprunt and Brace\ 0863#[

Various theoretical models have been developed to describe brittle fracture in compression[
Zaitsev "0860# proposed a 1!D pore model for crack growth and failure of concrete and hardened
cement paste under compressive load[ Murrell and Digby "0869# and Paul and Mirandy "0865#
independently developed a stress!based {~at| ellipsoidal model[ Using simple analytical results of
fracture mechanics and beam theory\ Sammis and Ashby "0875# analyzed the growth of axial
cracks from 1!D cylindrical holes and from 2!D spherical pores in a compressive stress _eld[
Madenci and Klemm "0881# and Madenci "0880# obtained the stress intensity factors for both an
axial crack!like defect in a _nite!width plate subject to in!plane uniaxial compression[ Since a zero!
width line crack model is unresponsive to normal stress coaxial to the crack direction\ Yuan et al[
"0882# proposed a 1!D _nite!width elliptical crack model to derive the crack opening stress intensity
factor[ For two collinear radial cracks emanating from circular hole in a direction parallel to the
direction of the applied compression\ Dyskin et al[ "0882# obtained the long crack asymptotic
expressions for the stress intensity factor[ The approximate method was also extended to a disk!
like crack growing from the initial spherical pore in biaxial compression[ In addition\ a plane
sliding crack model has been proposed "Nemat!Nasser and Horii\ 0871# as well as others "Bazant
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and Ozbolt\ 0881#[ However\ due to the complexity of the mathematical formulation\ most of
these contributions have been dimensionally limited or have been based on either a cohesive
strength or an energy balance concept alone\ which may restrict their general utility for di}erent
materials under various stress states[ Further\ although some models "e[g[\ phenomenological
continuum damage models# were made to agree quite well with a particular set of measured
experimental data through {material constants|\ these models have had only limited success in
providing an understanding of the mechanisms and processes of fracture in compression[

Most of the available test data on compressive strength are obtained from materials containing
internal ~aws and therefore\ a direct application of the results of plane stress or plane strain
analysis to these cases may not be valid[ Slate "0872# pointed out that cracks on an exterior surface
may be di}erent from cracks in the interior of concrete and that conclusions about a mass of
concrete based on surface observations only may be misleading or wrong[ Crack extension from a
2!D ~aw has been shown to be more complex than 1!D predictions "Adams and Sines\ 0867#[
Therefore\ an analytical study of the e}ect of 2!D ellipsoidal ~aw geometry on crack initiation
under uniform uniaxial\ biaxial and triaxial compression was undertaken involving both a stress
criterion and an energy criterion[ The objective is to provide understanding of the processes and
criteria for crack initiation from various pre!existing ellipsoidal ~aws in compression[

1[ A 2!D ellipsoidal ~aw model

It is most unlikely that there is a sudden and substantial change in the criteria for brittle fracture
as one traverses from tension to compression in stress space[ Hence\ the criteria for brittle fracture
in compression will be similar to those in tension\ even though di}erent cracking patterns are
observed in the di}erent stress states[ We therefore assume that Mode I "opening mode# cracking
dominates brittle fracture under a general stress state and the governing criteria may be described
as

"0# Stress criterion] local tensile stress developed around a ~aw must be large enough to overcome
the local cohesive strength of the material[

"1# Energy criterion] the energy released by a unit increment in the crack surface area must be at
least as much as the energy required for that increment[

Note that there are fundamental di}erences in Mode I fracture due to tensile and compressive
loads applied to the material[ The relationship between the bond force and interatomic spacing
"Van Vlack\ 0878# indicates that interatomic or intramolecular bonds must be stretched to cause
fracture] compressive stress cannot break the bond[ This fact is exempli_ed vividly by loading a
homogeneous material in hydrostatic compression[ The tensile stress criterion cannot be satis_ed
"Shrive and El!Rahman\ 0874#\ so no fracture occurs under the highest pressure which can be
applied\ even on brittle materials which otherwise appear weak] sometimes plastic behaviour
occurs[ For Mode I fracture to occur in a grossly compressive stress state\ a local tensile stress
must be created at the tip of a ~aw in order to break interatomic bonds in the material[

It has been proposed in Wang and Shrive "0882# that crack initiation from a ~aw occurs when
both the stress and energy criteria are ful_lled simultaneously for the _rst time] stable or unstable
propagation may follow[ However\ crack initiation and propagation may be governed by the stress
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criterion or the energy criterion or both\ and are dependent upon the material properties\ the state
of applied stress and the geometry of the ~aw[ Hence\ to determine the governing criterion for
fracture\ both the stress and energy criteria should be considered[ Here\ the word {crack| should
be considered as terminology for various ~aws[

A 2!D ellipsoidal ~aw model has been proposed previously "Wang and Shrive\ 0882#[ The
ellipsoid is versatile enough to cover a wide range of ~aw shapes and suitable to re~ect the in~uence
of ~aw geometry on brittle fracture in compression[ Six typical ellipsoidal shapes are illustrated in
Fig[ 0[ The Cartesian coordinate axes\ x\ y and z are chosen so that they coincide with the directions

Fig[ 0[ Typical ellipsoidal shapes 0Ð5 and the Cartesian coordinate system[
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Fig[ 0 continued[

of the principal semi!axes[ These principal semi!axes are characterized by lengths a\ b\ and c[ The
points A\ B and C are on the surface of the ~aw where the principal stresses at in_nity are s�

x \
s�

y \ and s�
z and their directions are restricted in the coordinate axes x\ y and z[ The stresses are

treated as positive when tensile\ negative when compressive[ The body forces are neglected and the
surface of the ellipsoid is assumed to be free from boundary stresses[ The requirement that the
principal semi!axes of the ellipsoid align with the applied principal stress directions is one limitation
of the current 2!D model[ Con_ning the surrounding in_nite medium to being homogeneous\
isotropic and linear elastic is another[

The analyses of the stress distributions and energy release rates for various ~aws are fundamental
to our understanding of the fracture process[ For example\ Savin "0850# investigated the stress
concentration around various holes in a plane or plate[ Peterson "0863# presented the charts of
stress concentration factors for some special ellipsoidal shapes under uniaxial or biaxial stresses at
in_nity\ e[g[\ b � c or a � b � c[ Various approaches to the calculation of stress concentrations
have been extensively reviewed by Durelli "0870#[

For our model\ a closed!form solution for the stress distribution sc
ij\ around a 2!D ellipsoidal

void embedded in an in_nite medium subject to uniform stresses s�
x \ s�

y and s�
z at in_nity was

given Sadowsky and Sternberg "0838#[ In the orthogonal ellipsoidal coordinates\ the complete
stress solution\ sc

ij\ can be expressed as a linear combination of the stress _eld s�
ij \ and the _ve

stress component solutions "sij#N[ This is

sc
ij � s�

ij ¦ s
4

N �0

AN"sij#N "i\ j � 0\ 1\ 2#\ "0#
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where the coe.cients AN are determined by the boundary conditions on the surface of the ~aw\
see Sadowsky and Sternberg "0838#[ The calculation of the stress distribution around an ellipsoidal
void has been implemented into a computer code and validated by El!Rahman "0872#[

The energy release rate GI is de_ned by

GI �
1U
1S

� lim
DS:9

DU
DS

"1#

in which DU represents the energy released due to the newly formed surface area of the void\ DS[
It is very di.cult to predict the exact pro_le of the real crack extension from an ellipsoidal void
under a given stress state\ since an in_nite number of virtual crack extensions could be used to
calculate the energy release rate[ However\ if the stress criterion is satis_ed for a number of virtual
crack extensions\ the most likely crack extension is the one which makes the energy release rate a
maximum of all the values produced by these virtual crack extensions[ Here\ to calculate the
{initial| energy release rate at the moment of crack initiation from an ellipsoidal void\ as shown in
Fig[ 0\ a virtual crack extension is assumed to be generated by a certain combination of da\ db and
dc\ i[e[\ the positive in_nitesimal increments of a\ b and c[ Only those increments occur which are
perpendicular to the direction of the maximum tensile stress at the tips of the void and the zone of
tension[ Thus if s1 at A and B is the biggest tensile stress\ only a and b are increased] dc is zero[
As a result\ in this model\ an initial ellipsoidal void is enlarged into a di}erently shaped ellipsoidal
void depending on which of a\ b and c are incremented[ Essentially the new void is created by the
removal of material from the medium[ This selective material removal is deemed to be a virtual
crack extension[ GI is estimated from

GI �
DU
DS

"2#

in which DS is the di}erence in the surface area of the new void compared to the original void

DS � S"a¦da\ b¦db\ c¦dc#−S"a\ b\ c#\ "3#

and DU is the di}erence in the energy reduction due to the presence of the new void\ compared to
the original void[

DU � U"s�
x \ s�

y \ s�
z \ E\ m\ a¦da\ b¦db\ c¦dc#−U"s�

x \ s�
y \ s�

z \ E\ m\ a\ b\ c#[ "4#

Since no singularities exist in the stress and strain components around an ellipsoidal void with
_nite width subject to compression\ a {strain method| developed in Wang and Shrive "0883# is used
to calculate the energy release rate[ To show the accuracy of U and GI calculated by the strain
method\ a spherical void with radius R\ embedded in an in_nite medium subject to uniform stresses
s�

x \ s�
y \ and s�

z at in_nity is taken as an example[ For a spherical void\ the stress components at
points A\ B and C in the x!\ y! and z! directions can be derived from the analysis of Southwell and
Gough "0815#[ For example at point B]

"sx#B �"sc
22#B �

2
03−09m$"8−4m#s�

x −"0¦4m#s�
y −"0−4m#s�

z %\ "5#

"sy#B �"sc
00#B � 9\ "6#
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"sz#B �"sc
11#B �

2
03−09m$−"0−4m#s�

x −"0¦4m#s�
y ¦"8−4m#s�

z %[ "7#

Thus\ we have

"ox#B �
2

"03−09m#E$"8−3m−4m1#s�
x −"0¦3m−4m1#s�

y −"0¦3m−4m1#s�
z %\ "8#

"oy#C �
2

"03−09m#E$−"0¦3m−4m1#s�
x −"8−3m−4m1#s�

y −"0¦3m−4m1#s�
z %\ "09#

"oz#B �
2

"03−09m#E$−"0¦3m−4m1#s�
x −"0¦3m−4m1#s�

y −"8−3m−4m1#s�
z %[ "00#

A simple equation presented by Wang and Shrive "0883# provides the change in the total
potential energy of the in_nite medium and the applied load due to the presence of a spherical
void[ This is

U �
1
2
pabc$s�

x "ox#B¦s�
y "oy#C¦s�

z "oz#B%[ "01#

Substituting eqns "8#\ "09#\ and "00# into eqn "01#\ we _nd

U �
p"0−m#R2

"6−4m#E
""8¦4m#ð"s�

x #1¦"s�
y #1¦"s�

z #1Ł−1"0¦4m#"s�
x s�

y ¦s�
x s�

z ¦s�
y s�

z ##[ "02#

Assuming that a spherical void with radius R virtually extends into a bigger spherical void with
radius R¦dR\ we can obtain an {arti_cial| GI\ i[e[\

GI �
dU
dR

dR
dS

�
2"0−m#R
7"6−4m#

""8¦4m#ð"s�
x #1¦"s�

y #1¦"s�
z #1Ł

−1"0¦4m#"s�
x s�

y ¦s�
x s�

z ¦s�
y s�

z ##[ "03#

in which S � 3pR1[ For comparison\ both the numerical values with c � 9[88
b ¼ b � 9[88a ¼ a � R � 09 and the exact values obtained from the above explicit equations
are presented in Tables 0 and 1[ Young|s modulus E � 0[ In the numerical calculation of GI\

Table 0
U for a spherical void subject to compression

Uniaxial compression Biaxial compression Triaxial compression

s�
y � −0\ s�

x � s�
z � 9 s�

x � s�
y � −0\ s�

z � 9 s�
x � s�

y � s�
z � −0

m � 9[1 m � 9[2 m � 9[1 m � 9[2 m � 9[1 m � 9[2

Numerical 3953[2 3962[4 5379[6 5071[1 6205[1 5390[7
Equation "02# 3077[7 3087[2 5691[0 5286[3 6428[7 5486[2
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Table 1
GI for a spherical void "increasing uniformly in R in all directions# subject to compression

Uniaxial compression Biaxial compression

s�
y � −0\ s�

x � s�
z � 9 s�

x � s�
y � −0\ s�

z � 9

m � 9[1 m1� 9[2 m � 9[1 m � 9[2

Numerical 3[8499 3[8502 6[8908 6[4285
Equation "03# 4[9999 4[9003 7[9999 6[5253

da � db � dc � 9[9990[ The relative errors between the numerical and exact values are less than
2[3) for U and less than 0[2) for GI[ Note that the virtual crack extension used to validate the
computer code "R increasing by dR in all directions# is unlikely to occur in practice[

A common assumption in fracture models is that the possible crack extension direction is along
a plane perpendicular to the direction of the maximum tensile stress developed around the crack[
We make that assumption in this ellipsoidal void model and also assume that the material associated
with the virtual crack extension is removed from the in_nite medium to form the new con_guration
of the void\ as assumed in Rice and Drucker "0856#[ It should be noted that in compression\ the
void front opens up through the action of a local tensile stress zone at the tips of the void with
tensile smax[ For example\ the tensile smax exists at point B "Fig[ 0# in the z!direction for an
ellipsoidal void with a × c under compressive stress s�

y [ If we assume in this case that only two
principal semi!axes\ a and b\ change with crack propagation while the third principal semi!axis\ c\
does not\ GI can be expressed as

GI �

1U
1a

da¦
1U
1b

db

1S
1a

da¦
1S
1b

db
[ "04#

There are an in_nite number of virtual crack extensions\ i[e[\ various combinations of da and db\
to generate various values of GI[ However\ GI has two bounds\ i[e[\ a maximum and a minimum
of GI de_ned by eqn "04#\ corresponding to the following two special cases[ They are
Case 0] "upper bound# da × 9 and db � 9[

GI �

1U
1a
1S
1a

[ "05#

Case 1] "lower bound# da � 9 and db × 9[
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GI �

1U
1b
1S
1b

[ "06#

From the point of view of energy\ crack extension tends to release as much energy as possible[
However\ the stress criterion for the associated crack extension must be satis_ed[ For the above
example since da � 9 and db × 9 at the moment of crack initiation from point B\ the {initial| GI is
the lower bound[

To calculate the {initial| energy release rates for the ellipsoidal voids in the following sections\
we use principal semi!axes a\ b\ and c "not greater than 09#\ with db � 9[9990 "su.ciently small
compared to 09# and da � dc � 9 when the tensile smax is at point B in the z!direction and
db � dc � 9 when the tensile smax is at point B in the z!direction\ and da � 9[9990 and db � dc � 9
when the tensile smax is at point A in the z!direction[ However\ after crack initiation occurs at point
B for example\ da × 9 may also occur due to stress redistribution[ For crack propagation from
point B\ it is reasonable to expect that da ³ db and GI is thus unlikely to reach its upper bound
"da × 9 and db � 9#[ We therefore impose a {lower| upper bound on GI during fracture\ estimated
by da � db � 9[9990 and dc � 9[ A similar set of arguments can be made for propagation from
point A[

Since a\ b and c are assumed to be ordered by a × b × c × 9 in "Sadowsky and Sternberg\ 0838#\
we remove this order in the following discussions through automatic switching in the computer
code of the principal axes and the applied principal stresses at in_nity to take a\ b and c to be the
large\ middle and small principal semi!axes of an ellipsoid\ respectively[ Special ellipsoidal shapes\
i[e[\ a � b and:or a � c and:or b � c\ are treated as the limiting shapes and given approximately
by b � 9[88 a ¼ a and:or c � 9[88 b ¼ b[ Tables 0 and 1 indicate that such approximations will
produce reliable and stable numerical results for special shapes[

2[ Results and discussion

Three sequential events are frequently discussed in the fracture of brittle materials subject to
compression] crack initiation\ crack propagation and the coalescence of cracks leading to the _nal
failure[ Here\ we focus on crack initiation and consider pre!existing ~aws as the leading source of
cracking[

The classic Gri.th|s line crack subject to tension normal to the crack plane is represented only
by its length[ However\ for a general 1!D or 2!D ~aw\ not only the size but the shape is an
important factor a}ecting crack initiation and propagation[ Lajtai "0860# found experimentally
that in uniaxial compression for all elliptical shapes\ the major axis of the critically oriented open
crack is perpendicular to the direction of the uniaxial compression\ and an open circular hole
becomes the {critical shape| as long as its diameter is not smaller than the maximum dimension of
all open elliptical cracks having any orientation and shape[ Here\ to show how 2!D ellipsoidal
geometry a}ects both the maximum tensile stress and the energy release rate under uniform
uniaxial\ biaxial and triaxial compression\ the dominant\ maximum principal semi!axis of ellipsoids
is set arbitrarily[ Further\ since our ellipsoidal ~aw model fails physically to estimate the energy
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Table 2
smax and GI of ellipsoidal shapes 0Ð5 in uniaxial compression

Shape 0 1 2 3 4 5

m � 9[1 smax 9[8671 9[8434 9[5151 9[4918 9[1690 9[1612
GI 9[9225 9[2875 9[9221 1[9971 9[9216 9[1961

"9[9230�# "9[3240�# "9[9225�# "3[0686�# "9[9228�# "9[3952�#

m � 9[2 smax 9[8733 9[8631 9[6056 9[5727 9[3349 9[3435
GI 9[9225 9[3936 9[9221 1[9782 9[9216 9[1969

"9[9230�# "9[3255�# "9[9225�# "3[1968�# "9[9228�# "9[3966�#

� Values calculated by da � db � 9[9990[

release rate for ~aws with a × b and c × b subject to a dominant compressive stress s�
y and because

crack initiation from these ~aws appears to be physically impossible in our model\ since crack
propagation is assumed to be a {growing| ellipsoid by removal of material[ Only six typical ~aw
shapes in the ellipsoidal family are examined[ Dimensionless values are assigned to a\ b\ and c\
respectively\ for the following normalized comparisons with respect to Young|s modulus\ i[e[\
E � 0[

Shape 0] a � 09\ b � 0 and c � 9[0 "a × b × c#[
Shape 1] a � 09\ b � 0 and c � 0 "a × b � c#[
Shape 2] a � 09\ b � 09 and c � 9[0 "a � b × c#[
Shape 3] a � 09\ b � 09 and c � 09 "a � b � c#[
Shape 4] a � 0\ b � 09 and c � 9[0 "b × a × c#[
Shape 5] a � 0\ b � 09 and c � 0 "b × a � c#[

The above ellipsoidal shapes 0Ð5 are illustrated in Fig[ 0[ The di}erences among the principal semi!
axes\ a\ b and c for the above applicable shapes are expected to represent the extreme of typical
~aw shapes[ Although shape 3 is approximated by a limiting shape in our computer code\ for
simplicity this shape will still be called spherical in the following discussion of the numerical results[

2[0[ Uniaxial compression

A unit uniaxial compressive stress is applied in the y!direction\ i[e[\ s�
y � −0[ The numerical

results for smax and GI for the six void shapes are presented in Table 2[ The pre!existing ~aws
change the state of stress in the material from {global| compression to {local| tension and result in
Mode I cracking[ The tensile smax is always at point B in the z!direction[ smax occurs in the z!
direction rather than any other direction for shapes 3 and 5 because of the required numerical
approximation c � 9[88a ¼ a[ This tension explains the observed cracking in specimens\ parallel
to the applied uniaxial compressive stress "Shrive and El!Rahman\ 0874#[ Myer et al[ "0881# found
that in Indiana limestone under uniaxial compression\ many cracks originated at pores as a result
of tensile stresses tangential to the pore boundaries[ Chao and Van Vlack "0854# observed cracks
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develop above and below soft particles embedded in a sintered steel matrix under uniaxial com!
pressive load[ The conical\ pyramidal\ or wedge!shaped pieces frequently observed at the platens
after specimen failure in typical {uniaxial| compression tests are due to the lateral con_ning e}ect
of the loading platens of the test machine[ These shapes develop from angled principal stresses
caused by shear between specimen and platen and are a secondary or {post!cracking| e}ect[

Both smax and GI are quite sensitive to the ellipsoidal shapes[ If a material contains ~aws with
shapes 0Ð5 which have little tendency to close in compression\ it is of great interest for engineering
practice to _nd the most {critical shape| ~aw which generates crack initiation under the lowest
applied stress[ Based on the criteria for Mode I crack initiation\ shape 3\ the spherical void\ is the
most critical shape of voids of similar size to cause fracture in uniaxial compression[ Since tensile
smax always exists at point B in the z!direction\ it could be expected that da ³ db during fracture[
Thus\ {lower| upper bounds can be obtained for shapes 0Ð5[ Table 2 indicates a small di}erence
between the initial GI and the lower upper bound GI for shapes 0\ 1\ 2 and 4\ and an apparent
di}erence for shapes 3 and 5[ This indicates that if the change in the crack geometry for a short
distance of propagation is ignored\ GI may increase during propagation for a pre!existing spherical
void and an associated short extension is thus unstable at constant applied stress[

The stress concentrations at points A\ B and C only depend on the shape of the void\ but are
not in~uenced by the absolute size of the void[ Thus\ fracture models based on a stress criterion
only cannot be expected to explain the e}ect of ~aw size "Lajtai\ 0860^ Carter et al[ 0881#[ However\
the energy criterion does account for the size of the void[ Lajtai "0860# and Carter "0881# found
in uniaxial compression tests\ that the fracture initiation stress decreases with increasing cylindrical
hole size and appears to approach a horizontal asymptote for large hole sizes[ There are several
theoretical models to explain the size e}ect and the accompanying strength anomalies "Carter\
0881#[ However\ based on both a stress criterion and an energy criterion\ our 2!D ellipsoidal ~aw
model may show the ~aw size e}ect physically and logically[ For example\ di}erent applied
compressive stresses s�

y at in_nity are required for varying sizes of spherical void to provide the
same GI or tensile smax as the {original| size of spherical void "radius R � 09 embedded in an in_nite
medium subject to compressive stress s�

yo at in_nity#[ The in~uence of the size of the spherical void
on s�

y :s�
yo for m � 9[2 is shown in Fig[ 1[ Note that the radius of the {original| spherical void is

arbitrarily chosen\ and that both the stress and energy criteria are assumed to be satis_ed sim!
ultaneously for crack initiation for this void subject to compressive stress s�

yo[ It can be seen that
the size e}ect is pronounced in the small radius range with fracture dictated by the energy criterion]
as the radius\ R\ approaches zero\ the applied compressive stress required to cause Mode I fracture
tends to be in_nite[ The results also suggest that the governing criterion for crack initiation may
shift from the energy criterion to the stress criterion at some large radius[ For other ellipsoidal
~aws with speci_ed shape\ variations of s�

y :s�
yo with ~aw size have trends similar to those shown

in Fig[ 1[ Lajtai "0863# found that by increasing the major axis of an open elliptic hole exper!
imentally\ whilst keeping the ratio of minor to major axis constant\ the critical orientation for crack
initiation shifts from being just about perpendicular to the direction of the uniaxial compression to
being on an inclined orientation[ This may indicate the shift of the governing criterion for crack
initiation in compression with increasing ~aw size[

Table 2 and Fig[ 1 indicate that at a certain level of compressive loading\ crack initiation may
occur only from large and favourably shaped ~aws[ In geology\ the in~uence of the size of ~aws is
of great importance[ Geological structures that may act as ~aws range in size from the atomistic
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Fig[ 1[ Variation of crack initiation stress with size for a spherical void under uniaxial compression\ with both criteria
normalized against the value at R � 09[

"crystal defects# through microscopic "e[g[\ grain boundaries# and macroscopic "e[g[\ bedding and
jointing# to megascopic " faults# "Lajtai\ 0863#[ In concrete\ pre!existing ~aws are of di}erent sizes
and shapes "Neville\ 0870# and large pores have the greatest in~uence on the compressive strength
"Kumar\ 0875#[ Many ~aws are too small to cause fracture on the basis of the energy criterion[
Theoretically\ no Mode I cracking would occur in the material if all ~aw sizes and:or the applied
compressive stress were small enough so that the critical energy release rate of the material was
not reached[ Birchall et al[ "0870# found that removal of {large| voids to give macro!defect!free
cements produced both high compressive "199 MPa# and high ~exural "59Ð69 MPa# strengths[ On
the other hand\ since very large cavities "e[g[\ underground openings# subject to compression may
satisfy the energy criterion automatically\ the stress criterion may govern the failure process[ In
such cases\ simple stress!based design criteria may be reliable for engineering practice[

Note that the model used here predicts that the plane crack of zero width employed in some
existing models for brittle fracture in compression results in no energy release as the crack grows
parallel to the uniaxial compressive load[ In reality\ multiple visible cracks parallel to the uniaxial
compressive load are always seen[ In this context\ our 2!D ellipsoidal ~aw model with _nite
width satis_es basic thermodynamic and energy requirements\ and concurs with experimental
observations[
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Table 3
smax and GI of ellipsoidal shapes 0Ð5 in biaxial compression "s�

y � −0\ s�
x � −9[4#

Shape 0 1 2 3 4 5

m � 9[1 smax 9[8764 9[8482 9[7978 9[4936 9[5031 9[3758
GI 9[9242 9[3194 9[9249 1[7807 9[9248 9[3444

"9[9247�# "9[3442�# "9[9242�# "3[4132�# "9[9246�# "9[3226�#

m � 9[2 smax 9[8803 9[8656 9[7447 9[5073 9[5818 9[3810
GI 9[9219 9[2728 9[9206 1[5885 9[9215 9[3044

"9[9214�# "9[3064�# "9[9219�# "3[1829�# "9[9212�# "9[2847�#

� Values calculated by da � db � 9[9990[

2[1[ Biaxial compression

Based on the above uniaxial compression s�
y � −0\ a lateral compressive stress s�

x is also
applied to examine crack initiation in biaxial compression[ We consider the following two cases[
Case 0] s�

y � −0 and s�
x � −9[4

In this case\ the calculated results are listed in Table 3[ The tensile smax is at point B in the z!
direction for shapes 0Ð4 and at point A in the z!direction for shape 5[ Thus\ the biaxial failure
mode can be expected as tensile splitting along a plane parallel to the free or unrestrained surface
as observed experimentally "Vile\ 0857^ Brown\ 0863^ Page\ 0871#[ From Table 3\ we can see that
again\ the spherical void "shape 3# is the most critical shape for crack initiation from voids of
similar size[ Note that only shape 3 has an apparent di}erence between the initial GI and the lower
upperbound GI[ This indicates that if the change in the crack geometry for a short distance of
propagation is ignored\ a short unstable propagation from a pre!existing spherical void may occur
at constant applied stresses[
Case 1] s�

y � s�
x � −0

Because of the symmetry in this case\ only four shapes are taken into account for the comparison[
The values of smax and GI are given in Table 4 and the tensile smax is at point B in the z!direction
for all shapes[ Table 4 reveals that shape 3 is again the most critical shape for crack initiation[
Except for the maximum tensile stress for shape 3 with m � 9[2\ both smax and GI increase in equal
biaxial compression\ i[e[\ s�

y � s�
x � −0\ compared to uniaxial compression "i[e[\ s�

y � −0\
presented in Table 2#[ In addition\ shapes 0 and 1 have small di}erences between the initial GI and
the lower upper bound GI\ whereas for shapes 2 and 3\ a unique value of GI for various virtual
crack extensions should be obtained\ due to the coincidence of the lower and upper bounds[ From
the point of view of energy\ the spherical void would extend into an ellipsoidal void of uncertain
shape[

Assuming that either the stress criterion or the energy criterion controls crack initiation in
biaxial compression\ we may determine what combination of stresses s�

y and s�
x is necessary to

produce the required tensile stress or energy release rate for crack initiation[ If s�
x :s�

ui is varied
between 9 and −0 in steps of 9[0\ a series of values s�

x :s�
ui can be determined for shapes 1 and 3[

s�
ui is a generalized notation\ which stands for the required uniaxial compressive stress to cause
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Table 4
smax and GI of ellipsoidal shapes 0Ð3 in biaxial compression "s�

y � s�
x � −0#

Shape 0 1 2 3

m � 9[1 smax 9[8858 9[8530 9[8823 9[4955
GI 9[9430 9[5440 9[9427 5[8374

"9[9434�# "9[5675�# "9[9427�# "5[8443�#

m � 9[2 smax 9[8874 9[8681 9[8849 9[4420
GI 9[9362 9[4754 9[9360 5[3610

"9[9367�# "9[5911�# "9[9360�# "5[3676�#

� Values calculated by da � db � 9[9990[

Mode I crack initiation for a speci_c shape and a speci_c Poisson|s ratio on the basis of either the
stress criterion or the energy criterion[ The predicted crack initiation loci for shapes 1 and 3 when
governed in one case by the stress criterion and the other by the energy criterion are shown in Figs
2Ð5\ respectively[ Note that s�

ui in Figs 2Ð5 for di}erent Poisson|s ratios\ di}erent shapes of ~aws\
di}erent control criteria\ the lower bounds of GI and the {lower| upper bounds of GI are not
necessarily the same values[ In Fig[ 3\ for shape 1\ if s�

x :s�
ui is increased further to exceed 0\ the

maximum tensile stress may exist at point A rather than point B and such a case is the same as
shape 5 in biaxial compression[ For a spherical void\ the crack initiation locus governed by the
energy criterion should be symmetrical about the bisector of the _rst octant of the coordinate
system in Fig[ 5[ Since the spherical shape is treated as a limiting shape in the ellipsoidal family by
our computer code as mentioned before\ the crack initiation loci shown in Fig[ 5 are not perfectly
symmetrical\ as expected[ Figures 3 and 5 show that a small di}erence for shape 1 and an apparent
di}erence for shape 3 between the initial GI and the lower upper bound or the upper lower bound
GI[ this indicates that for the spherical void in biaxial compression\ the crack initiation loci with
the same initial GI and the initial crack propagation loci with the same {propagating| "but quasi!
static# GI may be quite di}erent[

From the point of view of the energy criterion\ it appears that biaxial compression for these
shapes in general promotes Mode I crack initiation\ which contradicts typical experimental _ndings
"Kupfer et al[\ 0858^ Brown\ 0863\ and many others# that the strengths of concrete and rocks
under biaxial compression are higher than those under uniaxial compression[ However\ the crack
initiation locus for shape 3 with m � 9[2 predicted by the stress criterion tends to con_rm exper!
imental _ndings[ This indicates that if the grossly applied stress state varies from uniaxial
compression to biaxial compression\ the governing criterion for crack initiation may shift from
the energy criterion to the stress criterion[ Further\ if a lateral compressive stress is applied in the
other direction\ e[g[\ s�

z � −9[4\ a reversed result for some shapes is obtained as shown in Table
5[ For shapes 0\ 2\ 4 and 5\ the tensile\ smax is at point C in the x!direction\ while for shapes 1 and
3\ the tensile smax is at point B in the x!direction[ From the point of view of the stress criterion\ it
seems more di.cult for Mode I cracking to initiate from shapes 0Ð2 ~aws in biaxial compression
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Fig[ 2[ Crack initiation loci governed by the stress criterion for shape 1 under biaxial compression[

than in uniaxial compression[ Furthermore\ compressive stress s�
z may close shape 0\ 2 and 4 ~aws

because c is much less than a and b[
The mechanisms of meso!scopic crack initiation as discussed here\ and _nal macro!failure in

compression may be di}erent[ However\ initial crack propagation is necessary for _nal failure\ so
the mechanisms should not be completely independent[ Murrell and Digby "0869# pointed out that
the initiation of crack propagation is not\ in general\ synonymous with the complete "macroscopic#
fracture of a brittle body[ This implies that the crack initiation loci of a single ~aw may be dissimilar
to the failure or strength loci of the material[ Interestingly\ some damage models "Mazars\ 0875#
indicate that micro! and meso!cracking processes in biaxial compression usually occur more easily
than in uniaxial compression[ The strength or _nal failure loci of brittle materials in biaxial
compression tests may not provide a valid and proper test of the current model for initial crack
propagation from a single ~aw] {Specimen| responses may not be the same as the underlying
{material| responses[ Failure loci or strength envelopes for multiaxial stress states take various
forms\ depending on the specimen geometry\ the specimen boundary conditions\ distribution of
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Fig[ 3[ Crack initiation loci governed by the energy criterion for shape 1 under biaxial compression[

~aws\ material properties\ loading rate and so on[ The specimen:test machine interface is critical
since it induces varying amounts of restraining stresses in the specimen near the ends\ even when
brush platens are used\ thus a}ecting the deformation\ compressive strength and _nal failure
pattern of the specimen under test[

2[2[ Triaxial compression

Concrete and rock are frequently loaded in triaxial stress states[ Thus\ it is of interest to examine
what the model predicts will happen in triaxial compression[

An axial stress s�
y � −0 is applied with equal small orthogonal lateral stresses

s�
x � s�

z � −9[0[
The numerical results presented in Table 6 show that the third stress plays a signi_cant role in

inhibiting crack initiation[ No tensile stress exists in triaxial compression for shape 1 when
s�

x � s�
z ¾ −9[21 with m � 9[1 and −9[27 with m � 9[2^ for shape 3 when s�

x � s�
z ¾ −9[14 with

m � 9[1 and −9[20 with m � 9[2^ and for shape 5 when s�
x � s�

z ¾ −9[00 with m � 9[1 and −9[05
with m � 9[2[ If ~aws shaped only like these existed in a brittle material\ failure modes other than
Mode I cracking would be expected to occur in triaxial compression[ Hobbs "0860# for example\
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Fig[ 4[ Crack initiation loci governed by the stress criterion for shape 3 under biaxial compression[

Table 5
smax of ellipsoidal shapes 0Ð5 in biaxial compression "s�

y � −0\ s�
z � −9[4#

Shape 0 1 2 3 4 5

smax m � 9[1 9[0578 9[1111 9[2340 9[3842 9[3895 9[3755
m � 9[2 9[1362 9[2138 9[2843 9[5977 9[3828 9[3808

found that the amounts of {plastic ~ow| in concrete specimens increased substantially with increas!
ing con_ning pressure[

3[ Conclusions

The above comparisons indicate that the 2!D ~aw geometry must be an important consideration
for any theory of brittle fracture in compression[ Mode I crack initiation appears to occur only
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Fig[ 5[ Crack initiation loci governed by the energy criterion for shape 3 under biaxial compression[

Table 6
smax and GI of ellipsoidal shapes 0Ð5 in triaxial compression

Shape 0 1 2 3 4 5

m � 9[1 smax 9 9[5591 9 9[2903 9 9[9142
GI * 9[2222 * 0[7115 * 9[0883

"9[2628�# "2[7869�# "9[2758�#

m � 9[2 smax 9 9[5672 9 9[3531 9 9[0613
GI * 9[2249 * 0[6847 * 9[0896

"9[2605�# "2[7277�# "9[2629�#

� Values calculated by da � db � 9[9990[

from large and suitably shaped ~aws[ Thus the fracture process in compression could be dominated
by a system of severe ~aws\ which _nally lead to macroscopic failure[

Since concrete is actually a heterogeneous material\ aggregates may stop or change the direction
of cracking[ Furthermore\ Shrive "0872# examined the e}ect of aggregate in the 2!D stress situation
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and concluded that the tensile stresses developing at the tips of a spherical inclusion are largest
when the inclusion is a void^ however\ aggregate particles may aid crack initiation and propagation
around their surfaces[

There is still much controversy as to the very applicability of fracture mechanics principles to
cementitious materials "Mindess\ 0873#[ However\ Glucklich "0852# stated that basically\ concrete
is not di}erent to glass as was used in Gri.th|s pioneer work[ Many metals are not homogeneous
on the microstructural level^ however\ fracture mechanics deals quite adequately with the lack of
microstructural homogeneity[ The toughening mechanisms in quasi!brittle materials such as crack
shielding\ crack de~ection\ aggregate bridging and crack surface roughness!induced closure "Shah
and Ouyang\ 0882# may be incorporated in an {e}ective| R!curve[ Further\ since crack initiation
in compression may occur at various physical and geometrical inhomogeneities\ consideration of
the dominant mechanism for di}erent materials appears practical[ The current model may provide
a _rst approximation for quasi!brittle materials[

A general procedure to quantify the e}ect of 2!D ellipsoidal ~aw geometry on brittle fracture in
compression is presented on the basis that ~aws are known to occur in materials[ The proposal
provides an important mechanism for inducing large enough internal tensile stresses and energy
release rates for Mode I fracture under compressive loads\ and appears to give a basis for explaining
the features of brittle fracture in compression common to many materials[

2!D ~aw geometry has a pronounced e}ect on brittle fracture in compression and ~aw size alone
is not su.cient condition for crack initiation[ Mode I crack initiation from ~aws of di}erent
ellipsoidal geometries may occur at considerably di}erent applied stress levels and the governing
criterion for crack initiation may shift from the energy criterion to the stress criterion with
increasing ~aw size[ For the compressive stress states considered here\ the spherical\ {sausage| and
whatever shapes occur between them\ are the preferred shapes for crack initiation[ For voids of
similar size\ the spherical void appears to be the most critical shape\ and it has the potential to
lead to short unstable crack propagation[ Since the most critical void shape for compression is a
sphere\ the orientation of such a shaped void relative to the applied state stress state is of no
consequence\ con_rming the relevance of the current model to crack initiation[ Although ~aw
geometries in a material are statistical in character and involve great uncertainties and complexities
in the analysis\ particularly of composites like concrete\ Mode I crack initiation always takes place
_rst from the large and preferably shaped ~aws[ This will result in distributed cracking within the
material[ Failure of the specimen is eventually controlled by a number of cracks\ their interaction
and linkage[ The presence of lateral con_nement makes Mode I cracking less likely[ For certain
triaxial compressive loads\ the stress criterion for Mode I crack initiation may not be satis_ed and
plastic behaviour as opposed to Mode I cracking may take place[

Although an ellipsoidal void might limit the sharpness of a ~aw\ the fact that it is 2!D as opposed
to 1!D makes it favourable for the study of brittle fracture in compression[ It is clear that much
more work is required to predict crack pro_les during crack extension[ The current model can
provide useful information on critical shapes and sizes of void for crack initiation in compressive
stress states[
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